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Game Theory
Assignment 1
Due date: September 30, 2022 (Friday)
Submission method: QQ #FEAEL

VEH: AT LR, SEARIR B AR EAE ) (R AIOMESE) Ja MO
MES . SRR SRR B

CHILIRANER S ST T S ey SVAN )i

I (a) AME, (b) fixE. FHAEA AR LR A .

Question 1: Dominated Strategies and Nash Equilibrium Consider the following

game:
Player 2
Left (L)  Center (C) Right (R)
O [ @) [ @y [ 21
Player 1 Middle (M) (1,2) (2,1) (3,3)
Down (D) (0,1) (3,0) (1,1)

(a) For each player, are there any strictly dominated strategies? If yes, state them.

(b) State your prediction of the outcome using Iterated Elimination of Strictly Dominated
Strategies.

(c) Find all pure strategy Nash equilibria.

(d) Find all mixed strategy Nash equilibria. (Hint: You may utilize the result in (b))

Question 2: Cournot Model

(a) (N firms) There are N firms in the market. Let q1, go,...,qn denote the quantities (of
a homogeneous product) produced by the N firms respectively. Let P(Q) = a — @ be
the market-clearing price when the aggregate quantity on the market is ) = ZnNzl Qn-

Assume that the total cost to a firm with quantity ¢; is C;(¢;) = cq;, where ¢ <
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a. Following Cournot, suppose that the firms choose their quantities simultaneously.

What is the Nash equilibrium of the game?

(b) (heterogeneous costs) There are 2 firms. Let ¢; and ¢» denote the quantities (of a
homogeneous product) produced by firms 1 and 2, respectively. Let P(Q) = a — @ be
the market-clearing price when the aggregate quantity on the market is Q = ¢ + ¢o.
Assume that the total cost to a firm with quantity ¢; is C;(¢;) = ¢;q;, where ¢; < cs.

Following Cournot, suppose that the firms choose their quantities simultaneously.

(a) What is the Nash equilibrium if 0 < ¢; < a/2 for each firm?

(b) What if ¢; < co < a but 2¢3 > a + 17

Question 3: Gibbons 1.13 Each of two firms has one job opening. Suppose that (for
reasons not discussed here but relating to the value of filling each opening) the firms offer
different wages: firm i offers the wage w;, where (1/2)w; < wy < 2w;. Imagine that there are
two workers, each of whom can apply to only one firm. The workers simultaneously decide
whether to apply to firm 1 or firm 2. If only one worker applies to a given firm, that worker
gets the job; if both workers apply to one firm, the firm hires one worker at random and the
other worker is unemployed (which has a payoff of zero). Solve for the Nash equilibria of the

workers’ normal-form game.

Worker 2
Apply to Firm 1 Apply to Firm 2
Worker 1 Apply .to Firm 1 (w1, 5w1) 1(’601, 1102)
Apply to Firm 2 (M) (wy, wy) (Lwy, Lwy)

Question 4: Hotelling’s Location Game (Polak PS1) Recall the voting game we
discussed in class. There are two candidates, each of whom chooses a position from the set
S; :={1,2,...,10}. The voters are equally distributed across these ten positions. Voters vote
for the candidate whose position is closest to theirs. If the two candidates are equidistant

from a given position, the voters at that position split their votes equally. The aim of the



Game Theory

candidates is to maximize their percentage of the total vote. Thus, for example, u;(8,8) =

50% and u;(7,8) = 70%.

(a) In class, we showed that strategy 2 strictly dominates strategy 1. In fact, other strate-
gies strictly dominate strategy 1. Find all the strategies that strictly dominate strategy
1. Explain your answer.

(b) Suppose now that there are three candidates. Thus, for example, u(8,8,8) = 33.3%

and u(7,9,9) = 73.3%.
(a) Is strategy 1 dominated, strictly or weakly, by strategy 27 Explain.
(b) Is strategy 1 dominated, strictly or weakly, by strategy 37 Explain.

(c) Suppose we delete strategies 1 and 10. That is, we rule out the possibility of any
candidate choosing either 1 or 10, although there are still voters at those positions.
[s strategy 2 dominated, strictly or weakly, by any other (pure) strategy s; in the

reduced game? Explain.

Question 5: Bertrand Model with Homogeneous Products Consider 2 firms, la-
beled by i = 1, 2, selling homogeneous products in a market with unit demand. Suppose that
firms’ marginal costs are normalized to 0, and the firms set prices p; and p, simultaneously.
Consumers purchase from the firm with a lower price p;, provided that p; is lower than their
valuation. For simple exposition, we assume consumers are identical and have infinite valu-
ation. The following tie-breaking rule is assumed: if two firms set the same price, each firm
gets half of the market.

Therefore, firm ¢’s payoff is as follows:

Di, if p; < pj;

Ti = \pi/2, ifpi=p;

0, if pi > Dj-
(a) Show that there exists a unique pure strategy Nash equilibrium: both firms set p = 0.
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(b) (Bonus question) Does there exist other (mixed strategy) Nash equilibria? (This is a
difficult question. To start with, consider the symmetric case that each firm’s pricing

follow the distribution p ~ G(p), where G(p) is the cumulative distribution function.)



