Advanced Microeconomics

Advanced Microeconomics
Assignment 4 Solution

5.B.2 Suppose that f(-) is the production function associated with a single-output
technology, and let Y be the production set of this technology. Show that Y satisfies

constant returns to scale if and only if f(-) is homogeneous of degree one.

Solution Recall that the single-output production function f(-) gives rise to the pro-

duction set
Y = {<_Zla —R2, 7_ZL*17Q> q— f(zh T 7ZL71) S 0 and (217 s ,ZLfl) Z 0}

(i) Suppose first that Y satisfies constant returns to scale. Let z € RZ™! then
(—z, f(2)) € Y by definition. The property of constant returns to scale implies
(—az,af(z)) € Y for any @ > 0, which in turn implies af(z) < f(az) by the
definition of Y. On the other hand, since (—az, f(az)) € Y, by the constant re-
turns to scale, we have (a *az,a™ f(az)) € Y, which implies o' f(az) < f(z), or

flaz) < af(z). In conclusion, f(az) = af(z), i.e., the production function f(-) is

homogeneous of degree one.

(ii) Conversely, suppose that f(-) is homogeneous of degree one. Let (—z,¢q) € Y and
a > 0, then ¢ < f(2) by definition, and f(az) = af(z) by the homogeneity of
degree one. This implies ag < af(z) = f(az), and hence (—az,aq) € Y, e, Y

satisfies constant returns to scale. O

5.B.3 Show that for a single-output technology, Y is convex if and only if the production

function f(-) is concave.

Solution Recall that the single-output production function f(-) gives rise to the pro-

duction set

Y ={(-2,—2, " ,—20-1,9) : ¢ — f(z1,- ,z-1) < 0and (z1,---,z-1) > 0}
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(i) Suppose first that Y is convex. Let 21,2, € RE™ and a € [0, 1], then (—z1, f(21)) €

Y and (—z9, f(22)) € Y. By convexity,

(- (@21 + (1= a)zm) af () + (1 - a)f()) €V
By definition, af(z1) + (1 — a)f(22) < f(az + (1 — a)zs), i.e. f(z) is concave.

(ii) Conversely, suppose that f(z) is concave. Let (—z1,q1) € Y, (—22,¢q2) € Y, and

a € [0,1], then ¢; < f(21) and g2 < f(22). Hence,

aqg + (1 —a)ge < af(z) + (1 —a)f(z).

As f(z) is concave,
af(z)+ (1 —a)f(z) < flaz + (1 - a)z).

Therefore,
aq + (1 —a)g < flaz + (1 — a)z).

Hence,

( —(az1 + (1 —a)z),aq + (1 — oz)q2> =a(—z21,q1) + (1 —a)(—=29,q2) €Y. O

5.C.9 Derive the profit function 7(p) and supply function (or correspondence) y(p) for

the single-output technologies whose production functions f(z) are given by

(&) f(z) =Va + 2.
(b) f(2) = y/min{zy, 22 }.

(¢) f(2) = (o1 +25)"/7, for p < L.
Solution
(a) Let the price vector be p = (p1, p2, p3) > 0. The profit maximization problem is

maxo (P1,p2,p3) - (—21, —22,9),

21,222
st ¢ < f(z) = V21 + 2.
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(Clearly, the constraint must hold in equality, since otherwise one can increase the
production scale ¢ without violating the constraint and earn a higher profit.
Hence, we can substitute ¢ = /21 + 23 into the objective function and set up the
Lagrangian:

L(z1,22) = —p121 — P22a + P3v/ 21 + 22

If 21 + 25 = 0, then the non-negativity constraint implies z; = 25 = 0, and thus the

profit is zero. Suppose z; + z3 # 0, the Kuhn-Tucker first-order conditions are

Pp3
2\/2’1 + 22
Y25

2v/z1 + 2

21 2 0529 > 0.

— p1 < 0 with equality if z; > 0,

— po < 0 with equality if zo > 0,

(i) If p1 > po, then 2\/% < pg < p1, implying z; = 0. Since we are discussing

the case where 21+ 25 # 0, we have 2 > 0. And thus, 2532_2 =Py = 2o = %.
Therefore, the supply function and the profit function are given by
2
b3 D3
y\p) = 07 T i 9y o
( ) < 4]7% 2292)
2 2 2
P3 P3 P3
m(p)=0— "=+ 2 =-"">0.
®) dps  2p2  Ap2
(ii) If po > p1, by symmetry, we have
2
P3 P3
yp)=1\—73> 07 a5 |
( ) ( 429% 2]91)
2 2 2
P3 D3 D3
m(p)=—">—-04 2> =-—=>
®) 4py 2pr 4Ap
(iii) Finally, if p; = po, then p; = py = NS%TZQ' 21, 29 satisfy z; + z5 = %. Thus
we have
P
y(p) = (=21, —22,V21 + 22) st. 21 > 0,20 > 0,21 + 20 = 4—]932,
1
2 2 2
b p p
wp) =B BB

4p, 2p1 B 4]91.
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In summary, the supply function is given by

pA : .
<O7_%72p%)7 lfpl >p27
2
y(p) ( 4;%,0, 2p1) , if p1 < po;
2
(=21, —22, 2%),21 + 20 = 4573%, if p1 = po.

And the profit function is given by

(b) The profit maximization problem is

max (p17p27p3) : (—21, —22;61),

21,22>0
s.t. g < f(z) = \/min{zy, 22 }.

Clearly, the constraint must hold in equality, since otherwise one can increase the

production scale ¢ without violating the constraint and earn a higher profit. Hence,

we can substitute ¢ = y/min{zj, 2o} into the objective function and obtain

max —pizi — P22 + P3y/ min{z1, 2 }.

21,2220

If 2y # 25, we assume that z; < zy (the case in which z; > 2, is similar). Then the

objective function can be written as

—Pp121 — P2ze + P37,

to maximize which we must have zo = 0, but this will force z; < 0 which is infeasible.

Therefore, we must have z; = 25 in optimum. Then we can write the problem as

max —(p1 + p2)z1 + psv/z1.
2120

Set up the Lagrangian:

L(z1) = —(p1 + p2)21 + p3v/21
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If z; = 0, then the profit is zero.

If z; > 0, then the Kuhn-Tucker first-order conditions are given by

D3

271

—(p1 +p2) + =0

P3

Hence, the supply function and the profit function are given by
y(p) = (— 7 - i )
A4pr +p2)? A1+ p2)? 2(p1+p2) )

.
mp) = 4(p1+pa)

The profit maximization problem is

max (P1,p2,]93) ) (—2’1, —2’2,Q)

21,2220

st.q < fz) = (2 + 25)7.

Clearly, the constraint must hold in equality, since otherwise one can increase the
production scale ¢ without violating the constraint and earn a higher profit. Hence,

we can substitute ¢ = (2} + 25)'/? into the objective function.

(i) If p = 1, the objective function becomes
max —pi21 — pazz + p3(z1 + 22).

21,2220

And the Lagrangian function is
L(z1,22) = —p121 — p222 + p3(21 + 22).
The Kuhn-Tucker conditions are
— p1 + p3 < 0 with equality if z; > 0,
— po + p3 < 0 with equality if zo > 0,
z1 2 0;22 2 0.
If p; > po, then z; = 0. Then the objective function can be written as

(p:s —pz)Zz-
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If po < p3, then there is no optimal solution, i.e., y(p) = 0, because by setting 25 to
be infinity, one can achieve infinite profit, i.e., m(p) = co. If ps > ps3, then zp = 0 is
optimal, and hence y(p) = (0,0,0), 7(p) = 0. If po = p3, then any 2z, > 0 is optimal,

and hence y(p) = (0, —22, 22), 22 > 0 and 7(p) = 0.

By symmetry, if p; < p, then 2o = 0; if p; < ps3, then y(p) = 0 and 7(p) = +oo. If
p1 > ps, then y(p) = (0,0,0),7(p) = 0; if p; = p3, then y(p) = (—21,0,21),21 >0
and m(p) = 0.

If p; = po, the objective function becomes (p3 — p1)(21 + 22). If p1 = pa > p3, then
21 = 2z = 0 is optimal, and thus y(p) = (0,0,0) and 7(p) = 0; if p; = p2 = p3, then
y(p) = (=21, —29,21 + 22),21 > 0,29 > 0 and 7(p) = 0; if p; = py < ps, there is no

solution and y(p) = 0, 7(p) = .

In summary, when p = 1, the supply function and profit function are given by

0, if min{py, pa} < ps;

(0,0,0), if min{py,pa} > ps3;
y(p) = (0, —29, 29), 22 > 0, if p1 > po = ps;

(=21,0,21),21 > 0, if p2 > p1 = ps;

(=21, —29,21 + 22), 21,22 > 0. if p; = py = p3.

0, if min{plaPQ} < P3;
m(p) =

0. otherwise.

(ii) If p < 1, set up the Lagrangian:

L(z1,22) = —p121 — paza + p3(2f + Zg)l/p‘

The Kuhn-Tucker conditions are
— p1 + 32y + 2)VP <0, with equality if 2, > 0,

— po + p3b (20 + 25)YP7 <0, with equality if z; > 0,

21 2 052 > 0.



Advanced Microeconomics

We first consider the interior solution z; > 0, 20 > 0. The two FOCs imply that

-1 P2 -1
2B ===
P

Substitute this into the second FOC and simplify the equation, we obtain

p—1

AN
pgz(pf‘ +p5‘> :

Hence, if the above equation indeed holds for the given prices, then the supply

i 1/p
27 + <]02> zf] :
P

b2 Pt £ £ et D2 % e
o—1 - —1 P
m(p) = —p121 — pa <—> z1+ (pfl +p51> 2+ (p—) 2 =0
1
p—1

P1
o 2N\
We consider the boundary solutions when p; = (pf 4 pgpl) . If p <0, then

function is

1
P2\t
wmz—%—(ﬂ .

4

where z; > 0, and the profit function is

ps > max{py, p2}. Hence, we can choose z; = 0 and let z5 — 00 (or 2z = 0,2y = 00),
which gives 7 = 0o. If 0 < p < 1, then p3 < min{py, po} and the optimal boundary

solution is y(p) = (0,0, 0) which gives m(p) = 0, while any other boundary solutions

—1
o o=

P
will give m < 0. Hence, when p3 = (pf1 +p51) " if p <0, we have y(p) = 0 and

P

1 o 1/p
(o) = o011 € (0.0) we ave () = (=21, (3)7 a0 s 4 ()] )

for z; > 0 and 7(p) = 0.

p—1

If p3 # (pf%l +p5%1 ) ’ , there is no interior solution. We then consider only
the boundary solutions. If p; > min{p;, p2}, there is no optimal solution (i.e.,
y(p) = 0) and 7(p) = oo, which can be achieved by letting the quantity of the
cheaper input go to infinity and the other be of zero amount. If p3 = p; < po, then
the optimal boundary solution is y(p) = (—21,0, 21), 21 > 0 and 7 (p) = 0; similarly,
if p3 = p2 < p1, then the optimal boundary solution is y(p) = (0, —z9, 22), 22 > 0 and
m(p) = 0. If p3 < min{py, p2}, then the optimal boundary solution is y(p) = (0, 0, 0)
and 7(p) = 0.
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In summary, if p < 1, then the supply function and profit function are given by

0, if min{p1,p2} < ps;
(0,0,0), if min{p;,p2} > ps;
(0, =22, 22), 22 > 0, if p1 > p2 = ps;
y(p) = .
(—21,0,21),21 > 0, if po > p1 = p3;
pil - 1/p
—Z1, — <p2> 21, Zp + <pZ> Zf y 1 > 07
P D1
e e %
ifp3=(pf1+p§1) 0<p<1.
oo, if min{pi,ps} < ps;
m(p) =
0 otherwise.

O

5.C.10 Derive the cost function c¢(w, ¢) and conditional factor demand functions (or cor-
respondences) z(w.q) for each of the following single-output constant return technologies

with production functions given by
(a) f(2) = 21 + 22 (perfect substitutable inputs)
(b) f(z) = min{zy, 23} (leontief technology)

(c) f(z) = (2 4+ 25)7 p <1 (constant elasticity of substitution technology)

Solution Let the factor price vector be w = (wy, wq) > 0.

(a) The cost minimization problem is

min wiz; + Wwozs
21,2220

s.t. f(Z) =21+ 20 > q.

Clearly, the constraint must hold in equality in optimum, since otherwise one can

reduce the amount of inputs without violating the constraint and reduce the cost.
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Therefore, we set up the Lagrangian as follows:

L(z1, 22, A, 1, fla) = —w121 — Wz + A(21 + 20 — q) + 121 + pazo.

The Kuhn-Tucker first-order conditions are

wy = X+ pi,
Wy = A+ U,
z1 + 22 =g,

p1z1 =0, pgze =0,
p1 =0, pg =0,

21 20,20 > 0.

The first two FOCs imply
W1 — M1 = Wz — M.

If wy < wy, then 0 < py < pe, and hence 2o = 0. By the third FOC, 2, = q.

Therefore, the cost function is given by

C(U], Q) = w14,

and the (conditional) factor demand function is given by

z(w, q) = (¢,0).

By symmetry, if w; > wy, we have

C(wa Q) = Waq,
and
z(w, q) = (0,q).

If w; = wy, then any solution (z1,29) > 0 satisfying z; + 2o = ¢ is optimal, and

c(w,q) = wiqg = waq.
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(b)

In summary, we have

(q,0), if wy < wo;
z(w,q) = 0,q), if wy > wo;
{(z1,22) e RE : 21+ 2o = ¢},  if wy = ws.
wiq, ifwy < wyy

c(w,q) =
waq, if wy > ws.

The cost minimization problem is

min W21 + Wa2o
21,2220

s.t. f(z) = min{z, 22} > q.
Clearly, the constraint must hold in equality in optimum, since otherwise one can
reduce the amount of inputs without violating the constraint and reduce the cost.

If 2y # 29, assume z; < 2o (the other case where z; > z5 is symmetric). Then
the constraint implies z; = ¢. To minimize cost, one should set z; as close to 0 as
possible but zy # 0. If 29 = 0, then 2; < 2o = 0 is infeasible. Such z; does not

exist. Hence, there is no optimal solution if z; # 2.

If z; = 29, then the constraint implies that z; = 25 = ¢, i.e., z(w,q) = (¢,q). And
the minimized cost is ¢(w, q) = (wy + wo)g.

We consider p < 1 only. The case when p = 1 is identical to part (a).

The cost minimization problem is

min w21 + Wwo2s
21,2220

st f(z) = +2)P > qp<1

Clearly, the constraint must hold in equality in optimum, since otherwise one can

reduce the amount of inputs without violating the constraint and reduce the cost.

10
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We set up the Lagrangian function as follows:
‘C(zla 227)\) = —Wik1 — WaRy — )\[—(Zf + Zg)l/P + q]

Kuhn-Tucker conditions are

1

—wy + A2 + zé’)%f 2P~ <0, with equality if z; > 0.

—wy + A2 + 25)%7125_1 < 0, with equality if z, > 0.

(2 + 28)/7 = q.

For z1, 2o > 0, the two FOCs imply

w1 (Zl)pl
Wa Z2 7

1
W1\ p—1
21 = | — Z9.
w2

Substitute this into the third FOC, we have

which further implies

w7 z
() s4st] =
W
which can be solved for

1

_r_ -
o= quf (T +wf )

Then, we can obtain

1 P

_P_ _P_
21 = qw{ " (w{™ + wé’_l)_%.
Hence, the factor demand function is given by
1
RS AN e S
z(w,q) = q |w{™" +w} wy Wy )

and the cost function is given by

P _p_ 1*%

clw.q) =q(wf " +uf ) "

We show below that there exists no boundary solution.

11
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When z; = 0, we have z5 = ¢. And the cost function is c(w, ¢) = quwy which is larger

1

_p_ p \1-1
than q (wf‘l + w4~ ) " for p < 1. Similarly, when 2o = 0, we have z; = ¢. And

_pP_ P 1-1
the cost function is c(w, ¢) = qw; which is larger than ¢ (wfl + w2p1) ’ 0
5.C.11 Show that dz/(w,q)/0q > 0 if and only if marginal cost at ¢ is increasing in w;.

Solution Assume that c(w, q) is twice continuously differentiable and z(w, q) is differ-

entiable, then Proposition 5.C.2 Shepard’s Lemma implies

Oz(w,q) 0 dc(w,q) 9 Idc(w,q)
d¢g  O0q Ow,  Ow, Oq

Therefore, %“;’q) > 0 if and only if %%ﬁ;q) > 0, i.e., the marginal cost at ¢ is increasing

in w;. ]

5.D.1 Show that AC(q) = C'(q) at any ¢ satisfying AC(q) < AC(q) for all g. Does this

result depend on the differentiability of C(-) everywhere?

Solution We only need C(-) to be differentiable at q. Everywhere differentiability is

unnecessary. Differentiate the average cost function and evaluate at ¢, we have

g q |, ¢

Then, if AC(q) is minimized at ¢, we have AC’(q) = 0, or C'(¢)g — C(q) = 0, which
implies
5.D.2 Depict the supply locus for a case with partially sunk costs, that is, where C(q) =

K+ Cy(q)if ¢g>0and 0 < C(0) < K.

Solution The total cost function is given by

12
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which can be depicted by the following diagram:

Figure 1: Total cost curve with partially sunk costs

Marginal cost C’(q) can be represented by the slope of each point on the total cost
curve. We define two different notions of average cost. Average total cost is defined as
ATC(q) = %“(‘D,Vq > 0, which can be represented by the slope of the line segment
connecting the origin with any point on the total cost curve where ¢ > 0. Average
production cost is defined as APC(q) = M,Vq > 0, which can be represented
by the slope of the line segment connecting the point (0,C'(0)) with any point on the
total cost curve where ¢ > 0. Unlike AT'C(q), APC(q) excludes the sunk cost C'(0) from
the calculation. The two dashed lines in the above diagram are tangent to the total cost
curve, one passing through the origin and the other point (0, C'(0)). The tangent points
have the property that ATC(q) = C'(q) and APC(4) = C'(§).

We depict the marginal cost curve and average cost curves in the following diagram:

13
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Figure 2: Marginal cost curve, average cost curves, and supply curve

Since the sunk cost does not affect the production decision, the producer will produce
positive quantity if and only if the price is higher than the average production cost, and
the quantity is determined by equalizing marginal cost with the price level. Hence, the
quantity supplied is zero when p < C’(§), and is determined by p = C’(q) when p > C’(§),
which is depicted by the bold curve in the above diagram. Note that the supply curve

consists of two pieces. [

5.D.3 Suppose that a firm can produce good L from L —1 factor inputs (L > 2). Factor
prices are w € RY~! and the price of output is p. The firm’s differentiable cost function
is c(w, q). Assume that this function is strictly convex in q. However, although c(w, q) is
the cost function when all factors can be freely adjusted, factor 1 cannot be adjusted in
the short run.

Suppose that the firm is initially at a point where it is producing its long-run profit-
maximizing output level of good L given prices w and p, q(w,p) [i.e., the level that is

optimal under the long-run cost conditions described by c(w, ¢)], and that all inputs are

14
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optimally adjusted [i.e., z; = z(w, ¢(w, p)) for all | = 1, ..., L— 1, where z(-,-) is the long-
run input demand function]. Show that the firm’s profit-maximizing output response to
a marginal increase in the price of good L is larger in the long run than in the short
run. [Hint: Define a short-run cost function c,(w, ¢|z1) that gives the minimized costs of

producing output level ¢ given that input 1 is fixed at level z;.]

Solution Let w be the initial input price vector, p the initial output price, and z; the
initial level of input 1. The long-run profit maximization problem

max pg — c(w, q)

implies
dc(w, q)

p:Tq,fOI'q>O,

which implicitly defines g(w, p).
Differentiate both sides of the above equation with respect to p, and evaluate at (w, p),

we have
O*c(w, g(w, p)) dq(w,p) _
0q> op ’

which implies

aq(;;,; ) _ (820(w,a;1§w,p)) ) - _

Similarly, the short-run profit maximization problem

rqrslg%( pqs — CS(UJ, QS‘Zl)

implies
_ 805(’11), QS|ZI)
dgs
which implicitly defines gs(w, p|z1).

Differentiate both sides of the above equation with respect to p and evaluate at (w, p, z1),

we have
cs(w, q(w, p)|21) Ogs(w, p|21)
0q? dp

=1,

15
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which implies

Oa, (0, pl21) _ (a%s(w,qw?p)!zl))l. 2)

op 9q°
For any ¢, the short-run cost minimization problem has more constraints than the long-

run, and hence

c(w, q) < cs(w,q), Vg > 0,

and

where ¢ = q(w, p).

Therefore, the function f(q) = c¢(w, q) — ¢s(w, q) obtains its maximum at g. The second-
order necessary condition implies

_ 0%c(w,q)  Pes(w,q)

f"(q) o e

Therefore, by Eq. (1) and (2), we have

GQ<U_}aﬁ> > aqs(w7]3|21)
op Op '

That is, if the output price increases marginally, the long-run profit maximizing output

is larger than the short-run. This completes the proof. O
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