Dynamic Optimization

Chapter 11. Dynamic Programming

The main reference of this chapter is
e Chapters 2 to 5 of Stokey, N. L., Lucas, R. E., & Prescott, E. C. (1989). Recursive
Methods in Economic Dynamics. Harvard University Press.
We will not provide rigorous mathematical proofs. For interested students, please refer

to chapters 3 and 4 of Stokey, Lucas & Prescott (1989).

11.A. Life-cycle saving problem revisited

We consider an extremely simplified version of the life-cycle saving problem introduced
in Section 10.A of Chapter 10. In particular, assume

1. wage w, is 0, i.e., w; = 0 for all t;

2. interest rate is 0, i.e., r, = 0 for all ¢;

3. utility function takes the form u(c) = In(c);

4. no discouting, i.e., § = 1;

5. terminal stock kpyq = 0.

The problem is restated below with the above assumptions imposed.

Life-cycle saving problem (finite-horizon) Time is discrete and denoted by t = 0, 1,2, ..., 7.
The decision is on how much of the income to spend on consumption in each period. The
unspent income is saved and the overspent income is on debt. Let ¢; > 0 be the con-
sumption in period ¢ and k;.; be the accumulated savings or debts at the beginning of

period t 4+ 1. The budget constraint in period ¢ is
¢+ kt+1 = kt- (111)

ko > 0 is given. Furthermore, k7,1 = 0 is imposed.
The individual only derives utility from consumption and chooses the consumption path

to maximize the total value of utilities in period ¢t = 0:

T
Ul(co, 1y ...y C1) = Zln(ct).
=0
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The maximization principle The maximization problem is:

max_ Y In(c¢;) (11.2)

C0,C15ereyCT 4=
k1,ka,....kp t=0

s.t. c + kt+1 = kt for all t = 0, ,T

We could solve the problem using the method learned in Chapter 10.
Define Hamiltonian:

H(cy, ki, mign,t) = In(ey) + mga (—c)

FOCs are:
OH 1
— =——my=0forallt=0,..,T
act Ct
OH*
Myl — M = — ET Oforallt=1,..,T
t
OH*
ki1 — ke = 5 = —¢ forall t =0,...,T (inter-temporal constraints)
Ti+1

1. Euler Equation:

crr=c¢ forallt=0,....T = ¢, =c¢yforallt=0,...,T

2. From the constraints:

co + k1 = ko
ct+ke=k
CT+O:]{?T

Summing up, we have >7_, ¢; = ko.
3. From 1 and 2, the solution is ¢; = Tk—il forallt =0,....,7 and kj | = %ko for all

t=0,..,T—1.

Define the problem recursively Now let us look at the problem from a different

angle. Define the maximum value at t = 0 as a function of the initial stocks:

Vo(ko) = max_ {u(eo) +ulcr) + ... +uler)}

C0,CL50ey cT

subject to budget constraints (11.1) for all ¢ = 0,...,7 and terminal condition k7,1 = 0.
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Then by the previously calculated optimal consumption path ¢ = T—’“—h forallt =0,...,T,

we have

Volke) = (T + 1)1n(T’fﬁ ).

Given kq, we could similarly define the maximum value at ¢ = 1 as a function of ky:

Vilky) = max {u(er) + u(ca) + .+ uler)}
o,k

subject to the budget constraints (11.1) for all ¢ = 1,...,7 and the terminal condition
kry1 = 0. Then, we could use the maximum principle to solve this new problem. This
new problem only differs from the previous problem in that there is one less period and

the initial stock is k; instead of ky. The maximum value is

Vi(ky) :Tln(%).

Next, consider a two-period problem:
k1
W (ko) =max{In(co) + ‘/1(161))} = max{In(cg) + T'In (—)}
co,k1 co,k1 T
S.t. Co + ]{31 = k}o

To solve the problem, we could substitute the constraint into the objective function:

W (ko) =max{ln(ky — k1) +T'ln (%)}

FOC gives

! +T—O:k— L
ko — ki ki T4

ko.

Plugging into the value function, we have

W (ko) = (T +1)In (T"”ﬁ ) = Viko).

It suggests:
Vo(ko) =max{ln(co) + Vi (k1)}

s.t. Co t+ k?l = ]{30
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Similarly, we could define

Valke) = max {ules) + ules) + .+ uler)}
kg,....kr

subject to the budget constraints (11.1) for all ¢ = 2,...,7 and the terminal condition
kri1 = 0, and verify
Vi(hy) =max{In(ey) + Va(ks))

s.t. c] + ]{?2 = k‘l
This argument works for all t =0,....,7 — 1:

Vi(ke) = max {In(c;) + Viga(ket1) } (11.3)

ct,ket1

s.t. ¢ + kt+1 = kt

Therefore, for this simple problem, the equation (11.3) holds. This equation, called
Bellman Equation, expresses the value function as a combination of a flow payoff
and a (discounted) continuation payoff. Such a method of optimization over time as a

succession of static programming problems is called Dynamic Programming.

Life-cycle saving problem (infinite-horizon) Bellman Equation holds for infinite-horizon
problems as well. As an example, we consider an infinite-horizon version of this simplified
life-cycle saving problem. For the problem to be well-defined, we need discounting. Let

the discount factor be 8 € (0,1). So the objective function becomes

Ule) =) _B'n(c,).
=0
The budget constraint in period ¢ is still

c + kt+1 = kt. (114)

ko > 0 is given.
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The maximization principle Define Hamiltonian:

H(cy, by, w1, t) = B In(cy) + mp1 (—ct)

FOCs are:
OH 1
— =pf~—m =0forallt=0,..T
8Ct Ct
oH*
T4l — T = — ok =0forallt=1,..,T
OH™ ) .
ki1 — ke = = —¢ forall t =0,...,T (inter-temporal constraints)
041

We also need the transversality condition limy_ o 771k = 0.
1. Euler Equation:
cip1=PBe forallt =0,....T = ¢, = flcoforallt =0,..,T
2. From the constraints: 272, ¢; + limp_,o kry1 = ko.

3. mu1 = ('/c; and transversality condition = limp ﬁTfif“ =0. By 1, er =

BT¢y. So, we have limg_, T =0 = limpe kg1 = 0.

4. From 1, 2 and 3,

iﬂtCO = k'() — Cop = (1 — 6)]60

t=0
We further have ¢, = B'co = B(1 — B)ko and ki1 = ko — X' cs = B k. Thus,
in each period ¢,
Ct = (1 — 5)]{?,5 and kt+1 = ﬂkt
The above two equations that express ¢; and k;, 1 as functions of k; are called policy

functions.

Define the problem recursively Similar to the finite-horizon case, we show that the

Bellman Equation holds:

Vi(ky) = max {In(c;) + BVig1(kiy1) } (11.5)

ct k41

s.t. c + kt—‘rl = kt
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In period ¢, the value function is

o0

Vi(ke) = max > In(cpy )
{et+s J=0 =0
{keri1}52,

subject to budget constraints
Ctrj + Kirj1 = Kitj
for all 7 > 0. We could drop the time subscript ¢ in V; since functional forms of the value

functions are the same in each period.

Solving the problem using the maximum principle, we have

Crpj = (1= Bk,
which gives the value function

In(1 - §) + (k) Ala(3)
-7 (=5

V(ky) = (11.6)
Now define

W (k) = max {In(¢;) + SV (k1) }

ct k41

s.t. c + kt+1 = k’t

To solve the problem, we could substitute the constraint into the objective function:

i) (e — b + B[ln(l - 61)_+ gn(km) N (ﬁl 111(65))2”

FOC gives
1 g

— + =0 = kip1 = Bk
ke —kr (1= B)ki w1 = Pl

Plugging into the value function, we have

In(1 = 8) + (k)  BIn(B)
1-4 (1-p)2

Thus, the Bellman Equation (11.5) holds.

W (k) = = V(ke).

In the following section, we will briefly show that the Bellman Equation holds in a gen-

eral setting. That is, the solution to the initial problem solves the Bellman equation.
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Moreover, the solution to the Bellman Equation is also a solution to the initial problem.
Our discussions will be focused on infinite-horizon discrete-time models. In fact, dynamic

programming is especially useful for when time is discrete (and there is uncertainty).

11.B. Dynamic Programming
We reformulate the initial problem into a Sequence Problem.

Definition 11.B.1 (Sequence Problem). The sequence problem is of the form:

V(zg) = sup iﬁtF(JJt,xtH) (SP)

{me+13224 t=0

s.t. x4y € I(xy) forallt =0,1,2,...

xo € X given.

Example 11.1 (Life-cycle saving problem (infinite-horizon)). Formulating the previous
life-cycle saving problem into a sequence problem, we have:
V(ko) = sup Zﬁt In(k; — kig1)

{kt+1}§20 t=0

s.t. kt—l—l € [0, kt] = F(k’t) for all t = 0, ]., 2,
ko > 0 given.
Definition 11.B.2 (Bellman Equation).
Vi) = sup {F(zy,2041) + BV (2441)} for all 2, € X (BE)
33t+l€F(-Tt)
As mentioned before, Bellman equation expresses the value function as a combination
of a flow payoff F(z,z;11) and a discounted continuation payoff SV (zsy1). We call the
time-invariant value function V(-) the solution to Bellman equation.!
We briefly show below that the value function defined by the sequence problem is also

the solution to the Bellman equation and vice versa (with an additional condition

lim,, 0 A"V (z,,) = 0 for any feasible = sequences).?

1'We haven’t yet demonstrated that a solution V(-) exists.
2For this claim to hold, assumptions are needed to ensure that the sequence problem is well-defined.
For the assumptions needed and a detailed proof, see chapter 4 of Stokey, Lucas & Prescott (1989).
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1. A solution to the sequence problem is also a solution to Bellman equation.

V(o) = sup Z B'F (24, 441) = sup (F(mo, x1) + Z B'F (x4, xtﬂ))

{ze1€0(z4)}§2 t=0 {ze+1€(ze) 122, t=1

— sup (F(xo, x1) + B> BT (ay, flit+1))
{ze+1€0 () }52 t=1

(o]

= sup (F(IBO’ r1) + B sup Z B'F (w441, $t+2)>
z1€l(z0) {ze+1€0 (@) }2, t=0

= sup (F@o, r1) + BV(%))
z1€l(z0)

2. Under the condition lim,,_,, 8"V (z,) = 0 for any feasible x sequences, a solution

to Bellman equation is also a solution to the sequence problem.

V(xg) = sup (F@o, 1) + BV(%))

xlel“(zo)
= sup (F(‘TOa z1)+ 8 sup [F(z1,22) + BV(@)])
11€F(I0) IQEF(Il)

- sup (F(xg, x1) + BIF (21, 22) + 6‘/@2)])

{zi41€l(z)}_,

= sup (Flao,m) + BF(x1,2) + o+ B F(n1, 30) + BV (2) )

{zep1€0 ()},

o0

= sup > B (x4, wega) + h_{ﬂ BV (zn)
{ze41€T(2e)}2 t=0 e

= sSup Z ﬁtF(It, Tii1)
{ze41€0(ze)}24 t=0

11.C. Solving Bellman equation

There are in general three methods to solve the Bellman equation:
e Guess and verify
e [terate functional operator analytically
e Iterate functional operator numerically (We will not cover this method in this

course. )
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11.C.1. Guess and verify

Let us reconsider the infinite-horizon version of the life-cycle saving problem. Bellman

equation of the problem states:

V(k) = max {ln(k; — k1) + BV (ki) b

ki+1€[0,k¢]

The solution must be interior. We have the following two conditions.

1. FOC:
1

— V'(k = 0.
ke — ki BV ki)

2. Envelope theorem:
1

V'(k) = ——.
(k) ki — kgqa

Guess the value function Guess that the value function takes the form:
V(k) = a+ bln(k),

where a and b are constants to be determined. We try this form because the utility

function is of the log form. Then, Bellman equation becomes:

a+bn(k) = max {In(k — ki) +8(a+bn(k))} (11.7)

ki+1€[0,k¢]

FOC and envelope theorem become:

1 Bb Bb
ki — ki1 Feqn . Bb+1"" (1L8)
b 1 b—1
—_— = = Ly = k 11.9
ke ke — ket oy (1L9)

(11.8) and (11.9) implies b = ﬁ and ky11 = Bk;. Plugging this back into (11.7), we have

_m-p) | Bl(p)
T T1-5 Ta-pe

(k) = In((1 = B)k;) + B(a+

a+ ln(ﬁkt)) <= a

1 1
1-8 1-8

Therefore, In(1—-75) Bln(B) 1
VR = e T iop

In(k)

is a solution to Bellman equation. Note that this solution is the same as the value function

(11.6) we calculated previously.
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Guess the policy function Alternatively, we could also guess the form of the policy
function. Guess k;,1 = 6k;, where 6 is a constant to be determined. Then envelope

theorem implies

1
/ k - -
V' (k) 1= 0)k
Substitute V' (k1) = m and then k;, 1 = 0k; into FOC
1 1 1 1
— + =0 = - + =0 = 6=7.
T Aok "a= o, P

We get the policy function k., = k¢, which implies k; = Bky. So, the value function is
Vko) = 3" Bl — kin) = S 8 In(B'k — 6 ko)
t=0 t=0

= iﬁt[t In(B) + In(1 — B) + In(ko)]

W) Mg 1

(1=p2 1= 1-p

11.C.2. Iterate functional operator analytically

How to do it Still consider the infinite-horizon version of the life-cycle saving problem.

Start with any initial guess, for example, V;(k) = 0. Then the first iteration gives

Vilk)) = max {In(k; — kyq) + fVo(kepr)} = max {In(k — ki) )

kt+1€[07kt] kt+1€[07kt]

The objective function is decreasing in k;, 1, so the optimal choice is k;; 1 = 0. Then
‘/I(k:t) = hl(]{ft)
The second iteration is

Vé(kﬁ = max {ln(k:t - kt—l—l) + 6‘/1(/{?154_1)} = max {hl(k?t - l{?t+1) + Bln(ktﬂ)}.

ki4+1€[0,k¢] ki11€[0,k¢]
FOC gives
o + 0 L 0 = kip1 = k
ki — ki Kiv1 s
Then
Vo(kt) = In(ky — th) + [ 1n( 5 ki) = some constant + (1 + ) In(k;)
1+ 1+

10
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The third iteration is

Va(ke) = max {In(k; — ky1) + BVa(keg1)}

kt+1€[0,kt]

= ktglg(}){,kt] { In(k; — k1) + @[some constant + (1 + ) 1H(kt+1)]}

FOC gives

LY

k= kg ki

1+80+p)"

Then
Vi (k) = some constant + (1 + 8+ %) In(k;)

Continuing iteration, eventually, we will obtain

1
V' (kt) = some constant + 5 In(k;)
and
Vi(ke) = ktfﬁéfkt] { In(k; — ki) + Bv(kt+1)}
= max {ln(kt — k1) + 5[Some constant + L ln(kth)H
kt+1€[0,kt] 1 — /8
FOC gives
1
+ 6 == 0 — ktJrl - ﬁkt

ke — kg1 (1= Bk

After obtaining the policy function, we could get the value function (See last section:

Guess the policy function).

Remark 1. In this example, we have shown that lim, ,, V;, = V when V;(k) = 0. In
fact, we will always get convergence independent of the choice of V4. The theory will be

briefly discussed later.

The above iteration method could be described in a more convenient way. For any

function w : Ry — R, we can define a new function Bw : R, — R by

(Bw)(ke) = max {In(ky — ki) + Bw(kesr) -

ki11€[0,k¢]

When we use this notation, the previous method is equivalent to choosing a function 1

11
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and studying the sequence {V,,} defined by V,,;1 = BV,, for n =0,1,2,.... The goal is to

show that this sequence of functions converge to the limit function V' that satisfies

V(k) = max {In(k —keer) + BV (ki) |- (11.10)

ki+1€[0,k:]
Or equivalently, we could view B as a mapping from some set of functions into itself.
Then, what we are looking for is a fixed point of the mapping B, that is, a function V'
that satisfies V= BV. The operator B is called Bellman operator.

In a general setting, Bellman operator is defined as follows:

(Bw)(z) =  sup {F(x¢t,xe41) + fw(zesr)} for all o, € X (BE)

Tt41 EF(zt)

What we do is to pick some w and iterate B™w until convergence:

(Bw)(zt) = sup  {F(x4, Te41) + Pw(mii)}

Tr41€0(x4)
(B(Bw))(zt) = i Slelp(x ){F(xt, Ti1) + B(Bw)(w411)}
(B(B*w))(x) = i Slel]E(:c ){F(ﬂftaﬂﬁtﬂ) + B(B*w)(441) }

(B(B"w))(x;) = sup  {F (x4, 2041) + B(B"w)(2e11)}

Tr41€0 ()

(Uniform) convergence of a sequence of functions is defined by convergence in sup-norm.

Why it works We will briefly discuss why the sequence always converges. The short

answer is: B is a contraction mapping.

Definition 11.C.1 (Contraction mapping). Let (S, p) be a metric space and T': S — S
be a function mapping S into itself. T is a contraction mapping (with modulus ) if

for some 5 € (0,1), p(Tz, Ty) < Bp(z,y), for all z,y € S.

In plain words, T is a contraction mapping if operating 7" on any two elements in S moves

them strictly closer to each other.

12
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For our result, we need the following two results:
1. Contraction Mapping Theorem (Theorem 11.1): a fixed point theorem
2. Blackwell’s sufficient conditions (Theorem 11.2): sufficient conditions for an opera-

tor to be a contraction mapping

Theorem 11.1 (Contraction Mapping Theorem (Stokey, Lucas & Prescott Theorem
3.2)). If (S, p) is a complete metric space and T : S — S is a contraction mapping with
modulus (3, then

a. T has exactly one fixed point v in S, and

b. for any vg € S, p(T"vg,v) < "p(vg,v), n=0,1,2,....

Sketch of proof: To prove (a), we

1. find a candidate for v;

2. show that Tv = v;

3. show that for any other element © € S, T'0 # 0.
For 1, define the iterate of T, the mapping {T"} by T°x = z and T"z = T(T" 'z),
n=1,2,.... Choose vy € S and define the sequence {v,}>° by v,+1 = T, so that v, =
T"vg. Show that v, is a Cauchy sequence. (This is done using 1) 7" being a contraction
mapping, and 2) triangle inequality.) Then S is complete, we have v, — v € S.

For 2, for all n and all vy € S,
o(Tv,0) < (T, T"0) + p(T™v0,0) < Bp(v, T"u0) + p(T"00, v)
Both p(v, T" ') and p(T™vg,v) converge to 0 as n — oo. Hence p(Tv,v) = 0, i.e.,

Tv=w.

For 3, suppose to the contrary, © # v is another solution. Then

p(0,v) = p(T0, Tv) < Bp(d,v) (11.11)

Since 5 € (0,1), (11.11) never holds.

To prove (b), observe that for any n > 1,

p(T™vg,v) = p(T(T" vy), Tv) < Bp(T" vy, v).

So (b) follows by induction.

13
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Theorem 11.2 (Blackwell’s sufficient conditions for a contraction (Stokey, Lucas &
Prescott Theorem 3.3)). Let X C R!, and let B(X) be a space of bounded functions
f: X — R, with the sup norm. Let T : B(X) — B(X) be an operator satisfying
a. (monotonicity) f,g € B(X) and f(x) < g(x), for all z € X, implies (T f)(z) <
(Tg)(x), forallz € X;

b. (discounting) there exists some 3 € (0,1) such that
T(f +a)|(z) < (Tf)(x)+ Ba, all f € B(X),a >0,z € X.

[Here (f + a)(x) is the function defined by (f + a)(z) = f(z) + a./

Then T is a contraction with modulus 3.

Proof. If f(z) < g(x) forallz € X, we write f < g. Forany f,g € B(X), f < g+||f—dll-

Then properties (a) and (b) imply that

Tf<T(g+If—gll) <Tg+BIf —gll = Tf—-Tg<pBllf—4gll

Similarly,

Tg<T(f+If=gl) <Tf+BIf—9ll = Tg-Tf<pBIIf —gll

Combining the two inequalities,

T f —=Tyll < BIIf —9gll-

Remark 2. Blackwell’s sufficient conditions are only sufficient but not necessary: some

contraction mappings do not satisfy these sufficient conditions.

Example 11.2. Check Blackwell sufficient conditions for the life-cycle saving problem:

(Bw)(k;) = max {ln(kt — k1) + 5w<k’t+1)}

kt+1€[0,k¢]

*

Suppose v < w. Let £/, be the optimal choice when continuation value function is v.

14
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1. For (a)

(B)k) = max {In(k, — kusr) + Bokin) | = Inly = ko) + Boli)

k?tJrlE[O,kt]

<In(ky — ki) + pw(kiyy) < max {In(ky = kisr) + Bw(kei) |

" kiy1€[0,ke]

= (Bw)(k:)
2. For (b)

[B(w +a)](k) = max {In(k — kes1) + Bw + a) (ki) }

kt1€[0,k:]
= e {1l = ) + Bluhen) +al}
= 85y Uk = bea) + Bl + Bo

= (Bw) (ki) + Ba.

Therefore, by Blackwell’s sufficient conditions (Theorem 11.2), B is a contraction map-
ping. And by Contraction Mapping Theorem (Theorem 11.1), B has a unique fixed point,

which could be reached from any initial point.

Remark 3. This result implies that the Bellman equation has a unique solution.

11.D. Examples
11.D.1. Example 1: Optimal growth model

Finite-horizon, backward induction Consider the following social planner’s problem:

T
max A In(c
o 27 nle)
{kt}?zl

st. o+ ki =k forallt=0,...T

ko > 0 is given and the terminal capital kry1 = 0. In the model, f(k) = ki is the
production function, and capital is fully depreciated, i.e., § = 1.
We will apply dynamic programming to solve the model when 7" = 2. The method of

solving the problem extends to all finite T'.

15
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T = 2 problem is:

max In(cy) + BIn(e;) + 8% In(cy) (11.12)

C€0,C1,C2
k1, kz

s.t. ct + kt+1 = k’? for all t = O, 1, 2.

ko > 0 given and k3 = 0.
We solve the problem by Backward Induction.

1. At t =2, since k3 = 0, we have ¢y = k%. So the value function is
‘/2(]{32) = OélIl(]{?Q).
2. At t =1, we have ¢; = k{' — ko. The Bellman equation is

Vi(k1) = max {In(k{ — ko) + BVa(ke)} = max {In(k{ — k2) + af1n(ks)}

ko €[0,k2] k2€[0,k2]
FOC gives
1 af af

— — =0 ko = kY 11.13
kfé - kz * kg — 1 + aﬁ L ( )

So the value function is
Vi(ky) = In(kY — Lﬁk‘o‘)%—aﬂ In( ap ) = some constant +a(l+af) In(k;)
1\h1) — 177 +af 1 1+af 1) — 1)-

3. At t =0, we have ¢y = kf — k1. The Bellman equation is

Vo(ko) = max {In(kg — k1) + BVi(k1)}

k1€[0,k]

= km[6a>k< {In(k§ — k1) + B[some constant + a(1 + af) In(ky)]}
1€[0,kg

FOC gives

1 N af(l+ap) 0 — af(l+ap)

kg—k'l kl 1+@5(1+C¥5)

kS (11.14)

The problem is fully solved: equation (11.14) defines ki, and substituting it into equa-
tion (11.13) gives ko as a function of ky. We could also recover ¢y, ¢; and ¢y from the

constraints.

16
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Infinite-horizon Consider infinite-horizon version of the above social planner’s problem:

max » _ ('In(c¢;) (11.15)
{et}520 t=0
{kt}?i1

st. o+ ki =k forallt=0,1,2, ...

ko > 0 is given.
We apply the guess and verify method to solve the problem.

The Bellman equation is

V(k) = max {In(k{ — key1)) + BV (ki) -

ki y1€[0,k¢]

The solution must be interior. We have the following two conditions.

1. FOC:

1
- V'(k =0.
[ + BV (k1)
2. Envelope theorem:
ka—l
VI (ky) = ot
(k) ki — ki

Guess the value function Guess that the value function takes the form:
V(k) = a+bln(k),

where a and b are constants to be determined. We try this form because the utility

function is of the log form. Then, Bellman equation becomes:

a+bn(k) = max {In(k = k) +B(a+bn(kn))} (11.16)

ki4+1€[0,k¢]
FOC and envelope theorem become:

1 Bb Bb
ki = ke ke T R

b akd? b—a«a
— =1t = k= —k 11.18
ke o kY — ki . bt ( )

(11.17)

(11.17) and (11.18) implies b = %5 and ki1 = afkf". Plugging this back into (11.16),

we could recover a and accordingly the value function V' (k).
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Guess the policy function Alternatively, we could also guess the form of the policy
function. Guess ki1 = 0f(k;) = 0k, where 6 is a constant to be determined. Then

envelope theorem implies
.
(1 —0)k;

Substitute V' (k1) = W and then ki1 = 0k into FOC

V' (ki) =

1 o 1 o

— + =0 —= — +
R (T ok =00k

=0 = 0=ap.

We get the policy function k;; = afkf*, which implies k; = (aﬁ)%kg‘t. So, the value

function is

Zﬁt In((1 — aB)k) = 3 {5t In(1 — af) + af’ ln(kt)]
ln(l —af) o 1—a

=—1-5 + oct:O {6 ( — In(af) + «a ln(ko))}

- hl(ll: ap) | [Bt — C; () + o' In(ko))]

_ In(1 — ap) 046 In(af) aln(ko)

=5 (=B —-aB)  1-aB

Iterate functional operator analytically We could obtain the same result by iterating

functional operator analytically. For example, try the initial guess Vy(k;) = 0.

Stochastic growth Dynamic programming is also applicable to stochastic problems.

The social planner’s problem is modified to be the following:

max E025 In(c;) (11.19)
{Ct(zt)}t 0 t=0
ke (20) 122,

st. ¢t + ki1 = 2k forall t =0,1,2, ...

ko > 0 is given. {2} is a sequence of independently and identically distributed random
variables with Eq(In(z;)) = p. At the beginning of period ¢, the exogenous shock z; is
realized. Thus when making period ¢ decision, the social planner knows the pair (k;, z)
and accordingly the current output z:ky*. The pair (k;, z;) is called the state of the

economy. Note that now the solution is expressed in terms of contingency plans, that is,

18
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¢; and ky, 1 are functions of z;.
The problem could still be equivalently expressed using recursive formulation. The Bell-

man equation is:

V(l{?t, Zt) = max ]{ll’l(Ztkta - kt+1)) + ﬁEtV(kt_;,_l, Zt—l—l)}-

kir1€[0,2eky

Then FOC and envelope theorem give

1. FOC:

1 aV(ktH, Zt+1)

E = 0.
e

_Ztk? — ki
2. Envelope theorem:
3V(/€t, Zt) . OéZtkta_l
Ok 2k — ke

To solve the problem, similar to the deterministic model, we guess and verify.

Guess the value function Guess that the value function takes the form:
V(k) =a+bln(k) + cln(z),
where a, b and ¢ are constants to be determined. Then, Bellman equation becomes:

a+bln(ki)+cln(z;) = max ]{ln(ztkf—ktﬂ)—l—ﬁEt(a+bln(/€t+1)+cln(zt+1))} (11.20)

ki4+1€[0,k¢

FOC and envelope theorem become:

1 Bb b
2k — ki1 ke T Bh+ o ( )
a—1 o
LA A (11.22)

ke zkf — kg b
(11.21) and (11.22) implies b = ;%5 and ki1 = afzk)". Plugging this back into (11.20),

we could recover a and c:

_m(l-af) . afln(ap) Bu
“TTIZE TU=A0-aB)  1=A)1-ap)
1
czl—ozﬁ

and accordingly the value function V' (k).
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Guess the policy function Alternatively, we could also guess the form of the policy

function:

ki = ef(kt) = 9%’%?»

where 6 is a constant to be determined. Then envelope theorem gives

OV (ky, ze) azkd! B o
8k't N Ztk? — takf N (1 — Q)kt ’
Substituting into FOC
1 Qo 1 o
— =K, ———— _ =fBE,— 6 =
2k — ki P t(l - e)kt+1 — 2k — Oz 4 t(l - 0)92,5]{? - op

We get the policy function ki1 = afzk*. The value function could be recovered using

the policy function. To do this, we express the value function as

V(ko) = iﬂt In((1 — af)zk}).

[The calculation is quite involved here.]

11.D.2. Example 2: Job market search (Dixit Example 1 + unemployment

compensation)

There is a whole spectrum of jobs paying different wages in the economy. Denote the
wage offer by w. The cumulative distribution function, the probability that a randomly
selected job pays w or less, is ®(w). The corresponding density function is ¢p(w) = &' (w).
A worker must engage in search to find out how much a particular job pays. Each period,
an unemployed worker draws a wage offer w. He could either accept or reject the offer.
If the offer is rejected, then the worker stays unemployed and waits until the next period
to draw another wage offer. The worker receives unemployment compensation ¢ for each

of the unemployed period. The discount factor is 3.

Analysis. The Bellman equation for the worker’s problem is

V(w) = max{c+ /OOO V(w)d®(w'), %}
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We define w* = min{w|{%; > c+8 f;~ V(w')d®(w’)}. That s, % =c+p [;° V(w')dP(w).
Then w* is the unique threshold value such that the worker decides to take the offer when-
ever w > w* for the first time. To see this, consider another the wage offer w > w*. The
worker must accept w:

*

w W

— < )
1-B=1-8

e+ [ Viw)aew)

Since the worker obtains a higher payoff accepting @ compared to staying unemployed,

the worker will accept w. Therefore, the value function satisfies

— if w > w*

s

V(iw) =

fi*ﬁ =c+p7V(W)de(w') if w < w*
Evaluating w*, we have

w*

w ”-lﬁ—d¢@w-%éw* ad(w)

e R e TP
::uﬁ:dLﬁﬁ+ﬂAfwM@0+Awwﬂ@@ﬂ:dl—@+ﬁhﬁ+ﬁiw—wwwwﬂ

1

Implications:
1. w* > ¢ for non-degenerate distributions.

2. An increase in c leads to an increase in w*.

11.D.3. Example 3: Saving under uncertainty (Dixit Example 2)

Consider a consumer with wealth W that earns a random total return (principal plus
interest) of  per period, and no other income. That is, starting period ¢ with wealth W,
if the consumer consumes C; and saves W, — (), his random wealth at the start of the
next period will be Wiy = r(Wy — Cp). Note that 7,41 is not realized when making

the consumption decision. Consumption of C} in any period gives him utility

lee

)

, with € > 0.

The discount factor is .
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Analysis. Unlike the previous models, here we could not choose Wy, since r;y; is ran-
dom and unknown when making the consumption decision. We could still apply the

dynamic programming approach. The Bellman equation is

ci-:
V(W) = Ct?ﬁ)‘fm {1 . + BE(V (rep (W — Ct)))}
Guess the value function
AWtI—s
Vim) = l1—¢’

where A is a constant to be determined. The guess is also based on the utility form.

Then the Bellman equation becomes:

AI/thie . Ctlie A(TH_l(Wt — Ct))l—a
1—¢ _Ctren[(?,)éft}{l—&_'_ﬁEt( 1—-¢ >}
AW Ci™s  ABW, - C)'= 1
e Tl T e Bl
FOC implies
OrF = (W) = GO ABE ()] =0 = S = ! ———  (11.23)
Wi 1+ (ABE[(re41)'75)]Ve
Envelope theorem gives
C
AW = (W, — C) CABE[(re1)' 7] = Wt =1 — (BE[(re1)")]"e (11.24)
t

The constant A could be found by (11.23) and (11.24):
AYEIL = (BE(resn) )]V = 1.

The condition for the existence of A is BE[(ri11)' ) < 1.
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